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LAX PAIRS OF DISCRETE PAINLEVE EQUATIONS: (A 2 + Ai) (1) CASE 


NALINI JOSHI AND NOBUTAKA NAKAZONO 


Abstract. In this paper, we provide a comprehensive method for constructing Lax pairs 
of discrete Painleve equations by using a reduced hypercube structure. In particular, we 
consider the A 1 ,/’-surface ^-Painleve system which has the affine Weyl group symmetry of 
type (A 2 + A i / 1 '. Two new Lax pairs are found. 


1. Introduction 

The purpose of this paper is to provide a comprehensive method for constructing Lax 
pairs of discrete Painleve equations by using a reduced hypercube structure arising from 
ai-lattices, composed from the r functions of discrete Painleve equations (see [30,31] for 
details). The term “reduced hypercube structure” is used to describe periodic reduction 
of lattices obtained from multi-dimensionally consistent hypercubes (see §1.3). As an 
example, we demonstrate the constructions of Lax pairs of the ^-Painleve equations (1.1). 

Our previous work [29, 30] brought together a lattice in higher dimensions with r- 
function theory, and showed how a geometric reduction provided an lattice leading to 
A) 1 ’-surface (/-Painleve equations. Here, we show how this perspective enables us to sys¬ 
tematically construct the Lax pairs for any discrete Painleve equations on the A*, 1 '-surface. 
Note that in [54] Sakai classified the discrete Painleve equations into 22 surface types ac¬ 
cording to the configuration of the base points (i.e. points where the system is ill defined 
because it approaches 0/0) as the following: 


Discrete type 

Type of surface 

Elliptic 

A (1) 

A o 

Multiplicative 

A (1) A (1) A (1) ' 

Additive 

VP VP VP U)(P U)(P VP f (1) VP 

/i() ,/ij ,/i 2 , U 4 , n 6 , C, ? , Tig 


There are possibly infinitely many discrete Painleve equations on each surface. In this 
paper, we use the collective term “A]. 1 ’-surface ^-Painleve equations” for discrete Painleve 
equations on the multiplicative A^ 1 '-surface. 

Our Lax pairs for the ^-Painleve IV equation (1.1a) and (/-Painleve III equation (1.1b) 
are new, while the one for the ^-Painleve II equation (1.1c) coincides with that provided in 
[21], The spectral part of these Lax pairs is more regular than those from other known Lax 
pairs. More specifically, it satisfies Carmichael’s hypotheses [12] for existence of solutions 
around singular points at the origin and infinity. These properties allowed Carmichael to 
prove existence of solutions in a way that is considered to be the ^-analogue of Fuchsian 
theory. 

A well-known example which also satisfies Carmichael’s conditions is the Lax pair for 
the (/-Painleve VI equation (c/-F(,4 V ’)), constructed by Jimbo and Sakai [25]. This was seen 
as a natural analogue of the Fuchsian nature of the Lax pair for the sixth Painleve equation 
[17], However, the Lax pairs of other ^-Painleve equations [39], obtained by degeneration 
of the Lax pair for q-PiA 1 ' '), no longer satisfy Carmichael’s hypotheses: the coefficient 
matrix of either the highest degree or the lowest degree term in the spectral variable is 
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singular. Our results suggest that contrary to expectation, such (/-Painleve equations may 
still have regular Lax pairs. We provide three examples to support this suggestion. 

It is not surprising to have multiple Lax pairs for discrete Painleve equations as multiple 
ones are known for each of the continuous Painleve equations [13, 27, 28], 


1.1. ,4i- '-surface (/-Painleve equations. The ^-difference equations we study are 


<?-Piv : — : 

abg 

q-P in : 88 = 
q-Pu : If = 


1 + ch(af +1) 
l+af(bg + l)’ 


8 

bch 


1 + afibg + 1) 


1 + bgich + 1) 


1 + bg(ch + 1)’ caf 1 + ch(af + 1)’ 


a(\+btg) 


/(? + /)’ 
a( 1 +tf) 


S(bt + g) ’ 


/(? + /)’ 

where t, a, b, c,q,p e C* and 

f = m, g = g(t% h = h(f), 7 = f(qt), 
f = f(pt), f = f(p~ 1 t). 

In the case of £/-P lv , we have the following conditions: 

fgh = t 2 , abc - q. 


g = g(qt), h = h(qt), 


(1-la) 

(1.1b) 

(Lie) 

(1.2a) 

(1.2b) 

(1.3) 


We note that r/-Pj V , t/-Pm and q- Pn are known as a (/-discrete analogue of the Painleve IV 
equation [36], that of the Painleve III equation [38,54] and of the Painleve II equation [53], 
respectively. 


Remark 1.1. It is known that q-P\\\ (1.1b) can be reduced to q-P\\ (1.1c) by projective 
reduction [34 ]: 

b = p, q = p 2 , g = f. (1-4) 

In this sense, q -Pn is often described as the scalar form of q- Pm. Although the projec¬ 
tive reduction is a simple specialization of the parameters at the level of the equation, the 
resulting equations have different type of hypergeometric solutions (see [33,34] and refer¬ 
ences therein). In this paper, we also show that they have different Lax pairs but share the 
same spectral linear problem (see § 1.2 ). 

1.2. Main results. Our main result shows that Equations (1.1) share one spectral linear 
problem, which takes a factorized form 

(f>(qx) — A<p(x), (1.5) 

where 


' igd 

\ 

1 

i/lfl0<22 

\ 

1 

idao 

> 

1 

h x 

/(» X 

h x 

-l 

14/2 

-1 

ia 0 a 2 fo 

-1 

i«o/i 

A ' 

A 

A ^ 


Here, the non-zero complex parameters a,-, i = 0,1,2, A and q and the variables f, i = 
0,1,2, satisfy 

aoaiaz = q, fofifi = 4 2 . (1.7) 

However, the deformation problem in the Lax pairs differs for different cases in Equations 
(1.1). Let 7)v, Thi and Ifm be deformation operators whose actions on the parameters a„ 
i = 0,..., 2, A and q are given by 

Tim '■ (ao,a\,a2,A,q) (ao,ai,a2,qA,q), 

I'm : (ao,a\,a 2 , A,q) (qao,q~ l ai,a 2 ,A,q), 

7sin : (ao,ai,a 2 , A, q) i-> (aoa 2 ,q 1 aia 2 ,qa 2 ~ 1 ,A,q), 


(1.8a) 

(1.8b) 

(1.8c) 
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while those on the spectral parameter x and the wave function f = <p(x) are given by 

T\v(x) = fm(x) = fsm(x) = x, (1.9a) 

fiv(/) = #iv/, Tm((f>) = Bm(f>, fsm(/) = fism f, (l-9b) 


where 


B rv = 


i (q* 2 ~ m 


/1(1 + «i(l + a2fi)fi) 


1 


-1 

0/ 


= 


fism - 


iAaoa2 

\ 

1 

i/lao 

\ 

1 

fo ' 

h x 

-1 

10002/0 

-1 

ioo/i 

A ' 

A 


idflo 

-1 


1 

iflo/i 

- x 

A > 


(1.10a) 


(1.10b) 


(1.10c) 


The subscripts IV, III, Sill label the deformation operators and matrices corresponding to 
g-Piv (1.1a), g-Pm (1.1b), the scalar form of ^-Pm (1.1c), respectively. Equations (1.8) and 
(1.9) provide us with the deformation of the spectral problem. 

Theorem 1.2. The compatibility conditions of the linear equation (1.5) with the operators 
fiv, fm and fsnu 


fiv(A)Biv - B\\(qx)A, f m (A)fini - Bm(qx)A, 
are equivalent to 

fiv(/o) 1 + aifiiaofo + 1) 


fsm(A)Bsm - 5 siii(?a)A, (1.11) 


aoaifi 

fiv(/i) 

a \a 2 f 2 
TtvCh) 
C2Clof) 

fm(/i)/i = 


1 + aofo(a\fi + 1) 
1 + «o/o(oi/i + 1) 

1 + 01/1(02/2 + 1 ) 
1 + a l ffa 2 f 2 + 1) 

1 + < 32 / 2 ( 00/0 + 1) 

/1 2 (1 + o 0 /o) 


/o(oo + /o) 


Tm (/o) Tm (/ 1 ) 


/l (1 + a^aff\\[(f\)) 
/o(oq 02 + f m (/i)) 


Tsm(/i) = fo, T sm (/o)/i - 


A (1 + aofo) 
/o(oo + fo ) 


(1.12a) 

(1.12b) 

(1.12c) 


respectively. 


This theorem is proven in §2.4. The actions (1.8) and (1.12) correspond to the q- 
Painleve equations (1.1) as explained in the following remark. 

Remark 1.3. Equations ( 1.12a) and (1.12b) are equivalent to q- Piv (1-la) and g-Pm (1.1b) 
by the following correspondences: 

-= fiv, a = a 0 , b = a u c = a 2 , t = A, f = fo, g = fu h = f 2 , (1.13a) 


- fm, a — A", b - a2, 
respectively. Moreover, letting 


t — ao, f — fo, g-fi. 


a 2 = q l/2 , 


(1.13b) 

(1.14) 


and setting 

~= fsin , t = ao, f - fo, 

we obtain g-Pn (l Ac) from Equation (1.12c). 


(1.15) 
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1.3. Background. Discrete Painleve equations are nonlinear ordinary difference equa¬ 
tions of second order, which include discrete analogues of the six Painleve equations: Pi, 
..., Pvi. The geometric classification of discrete Painleve equations, based on types of 
rational surfaces connected to affine Weyl groups, is well known [54], Together with the 
Painleve equations, they are now regarded as one of the most important classes of equations 
in the theory of integrable systems (see, e.g., [18]). 

In [1,2,8-10], Adler-Bobenko-Suris (ABS) and Boll classified polynomials P, say, of 
four variables into eleven types: Q4, Q3, Q2, Ql, H3, H2, HI, D4, D3, D2, Dl. The first 
four types, the next three types and the last four types are collectively called Q-, II 4 - and 
H 6 - types, respectively. The resulting polynomial P satisfies the following properties. 

(1) Linearity: P is linear in each argument, i.e., it has the following form: 

P{X\, X 2 , X3, X4) = A 1X1X2X3A4 + ■ ■ ■ + Aj6, ( 1 - 16 ) 

where coefficients A, are complex parameters. 

(2) 3D consistency and tetrahedron property: There exist a further seven polyno¬ 
mials of four variables: P ( '\ i = 1,..., 7, which satisfy property (1) and a cube C 
on whose six faces the following equations are assigned 

P(x 0 ,x l ,x 2 ,xn) = 0, P m (x 0 , * 2 , * 3 , * 23 ) = 0, (1.17a) 

P (2) (a'o, X3, Xi, X31) = 0, P ( 3 ) (X 3 ,X 31 ,X 23 ,X 12 3 ) = 0, (1.17b) 

P ( 4 ) (XI,X12,X 3 1,XI23) = 0, P ( 5 ) (X 2 ,X 23 ,XI 2 ,X 12 3 ) = 0, (1.17c) 

where the eight variables xq, X 123 lie on the vertices of the cube, in such a way 
that JC 123 can be uniquely expressed in terms of the four variables xo, X|, x 2 , X 3 (3D 
consistency ) and moreover the following relations hold (tetrahedron property ): 

P ( 6 ) (xo,X 1 2 ,X 23 ,X 31 ) = 0, P (T) (xi,X 2 ,X 3 ,Xi 23 ) = 0. (1.18) 


Since these equations relate the vertices of the quadrilateral on a lattice, they are often 
called quad-equations or lattice equations. 

Some polynomials of ABS type are 


Ql : <21(xi,X2,X3,X4;ari,a2;e) 

= «i(xiX 2 + X3X4) - tt 2 (xix 4 + X2X3) - (a 1 - a 2 )(xix 3 + X2X4) + ea\a 2 (ot\ - <*2), 

H3 : H3(xi,X2,X3,X4;a\,a2',S;e) 


= «i(xiX2 + X3X4) - a 2 (xiX4 + X2X3) + (cr 1 2 - a 2 2 ) 


<1 + 


-X2X4 


a\a 2 

HI : H l(xi, x 2 , X3, X4; ai,a 2 ; e) = (xi - X3)(x 2 - X4) + (a 2 - cri)( 1 - 6X2X4), 
D4 : DA(x\, x 2 , X3, X4; 61 , 6 2 , (>3) = X1X3 + X2X4 + £1X1X4 + £2X3X4 + £3, 


where a\,a 2 e C* and e, 5,6\,6 2 ,6 2 6 [0,1). Many well known integrable PAEs arise from 
assigning a polynomial of ABS type to quadrilaterals in the integer lattice Z 2 , for example: 

discrete Schwarzian KdV equation [41,43]: 

_ _ . (U-U)(U-U) a 

Q1(U, U,U,U\ a,P\ 0) = 0 <=> _ __ = (1.19) 

(U - U)(U - U) 13 

lattice modified KdV equation [1,41,45]: 

_ ~ _ U aU-BU 

H3(U, U,-U,U\ a,/3\ 0; 0) = 0 o — ; (1.20) 

U aU-pU 

lattice potential KdV equation [23,41]: 

Hl(U,U,U, U\a,P\ 0) = 0 o (U -U)(U -U) = a -P\ 


( 1 . 21 ) 
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discrete version of Volterra-Kac-van Moerbeke equation [41]: 


D4(l - (cr 'yS - l)U,U, t/,-1 +(a~ l /3- l)U; 0,0,0) = 0 

U (J3 - a)U - a 

<=> — = - — - , 

u (J3- ctjU - a 


( 1 . 22 ) 


where 

U = Ui m , a — an, f5 — p m , ":/—>/+ 1 , m —> m + 1 , l,m € Z. ( 1 - 23 ) 


Throughout this paper, we refer to such PAEs as ABS equations. 

We note that in general a hypercube is said to be multi-dimensionally consistent, if all 
cubes contained in the hypercube are 3D consistent (see property (2) above). Reductions 
of such ABS equations to ordinary difference equations have been found through several 
approaches [3, 16,19,21,22,26,44,47,48]. Our geometric-reduction method [29-32] has 
shown how to obtain discrete Painleve equations by studying geometric connections be¬ 
tween these and ABS equations. 

These equations are called integrable because they arise as compatibility conditions for 
associated linear problems called Lax pairs. The search for and construction of Lax pairs of 
discrete Painleve equations has been a very active research area and the investigations have 
been carried out through many approaches. Noteworthy approaches include extensions of 
Birkhoff’s study of linear ^-difference equations [25,55,56], periodic-type reductions from 
ABS equations or the discrete KP/UC hierarchy [20,21,37,47,49,50,52,57], extensions of 
Schlesinger transformations [5, 14, 15], search for linearizable curves in initial-value space 
[35,61,62], Pade approximation or interpolation [24,40,46] and the theory of orthogonal 
polynomials [4,7, 11,51,59,60], 

However, the construction of Lax pairs for each case in the literature has been carried 
out in different ways for different equations on the same surface. In contrast, in the case 
we study, g-Prv (1.1a), g-Pm (1.1b) and q-Pu (1.1c) are all obtained on the A^ 1 ’-surface. 


1.4. Plan of the paper. The plan of this paper is as follows. In §2, we construct the 
Lax pairs of the PAEs on the 4-dimensional integer lattice. Then, we obtain the Lax pairs 
of the A^ 1 ’-surface ^-Painleve equations from them through geometric reduction. Some 
concluding remarks are given in §3. 


2. The Lax pairs of the A^ 1 ’-surface ^-Painleve equations 

2.1. The PAEs on the lattice Z 4 . In this section, we consider the PAEs on the 4-dimensional 
integer lattice Z 4 . 

In the same way that the lattice Z 2 can be constructed by tiling the plane with squares, 
we construct the lattice Z 4 by tiling it with 4-dimensional hypercubes (i.e. 4-cubes). We 
obtain PAEs on the lattice Z 4 in a similar manner to the constructions of the ABS equations 
(see §1.3). Indeed, assigning the function u and quad-equations of ABS type to the vertices 
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and faces of each 4-cube, we obtain the following system of ABS equations: 


u(l + £\ + e 2 ) 

m 


ll(l + 60 + 63 ) 

V(l ) 


p l 2 

u(l + ei)- -u(l + ei) 

_ Oh _ 

Pi, 

— u(l + ei) - u(l + £ 1 ) 

a h 

,, , 7 /3 , 

u(l + e 2 ) - —u(l + £ 3 ) 
Hi2 

^u(l + e 2 ) - u(l + e 3 ) 
Hh 


li(l + £[ + 64 ) 

ud )) 


u(l + 64 ) 

u(l + £[) 


~ai t K , 4 , (2.1a) 


u(l + e 2 + 64 ) u(l + 64 ) 
u(l) u(l + e 2 ) 


-p h K u , (2.1b) 


li(l + 6 3 + €{) 
u(l) 


a h 

u(l + £ 3 )- u(l + £i) 

7/3 


-M(/ + £ 3 ) - U(l + £[) 

Yh 


li(l + £3 + £ 4 ) 

u(l) 


u(l + £ 4 ) 
ll(l + £ 3 ) 


-yi } K u , ( 2 . 1 c) 


where / = £ 4 =1 /,£,• e Z 4 . Here, u(l) is the function on the lattice Z 4 and {o , ;} tez , {/3/} /ez , 
{y/}, eZ and {/f /) /c2 are complex parameters. We note that each left hand sides of the equa¬ 
tions (2.1) is called H3,j = o (or and each right hand sides of them is called D4 in the 

ABS classification [1,2,8], 

In the lattice Z 4 , there are four orthogonal directions, which naturally give rise to four 
translation operators. In our case, these result in actions on the variable u(l ) and the param¬ 
eters a 1 , Pi, ji, Kt and lead to the transformations T„ i = 1,..., 4, by the following actions: 


7) :(u(l),ai,Pi,yi,Ki)\-^(u(l + ei),ai + uPi,yi,Ki), (2.2a) 

T 2 : («(/), at,Pi, yi, K,) m > (u(l + e 2 ), a h Pi+ 1 , ji, Kp, (2.2b) 

f 3 : ( u(I),ai,Pi,yi,K,) ha (u(l + e 3 ),ai,Pi,y M ,KP, (2.2c) 

f 4 : («(/), ai,Pi, yi, K,) ha (u(l + £ 4 ), at,Pi, yi, K, +l ). (2.2d) 


In the two-dimensional slice given by T 2 and 7 3 , we define the diagonal region V, — V (1) U 
V (2) c Z 4 where 

14 \ ! 4 \ 


V"’= 


// G Z, I 3 = I 2 — 1 


V (2) = | /,£, U e Z, h = h • 


(2.3) 


1=1 


1=1 


We also define the action of a staircase path R\ (see Figure 1) for one of the discrete 
Painleve equations considered below: 


Rid) 


/- f 2 if / 6 V (1) , 
/ — £3 if / 6 V <2) , 


(2.4) 


on the variable u(l), l e 7?, and the parameters a /, Pi, yi, Ki by 

R\ : (ud), a,, Pi, yi, Kp ha (u(Rid)),<*i,yi-\,Pi,K^. (2.5) 

We define the actions of 7), i = 1,... ,4, and R\ on the infinite extension field of the 
complex field C, generated by [u(l)) leZ t olK , {a,} leZ , {y3/} /eZ , {y/} tez and {7T,} tez , as auto¬ 
morphisms. Henceforth, if a new quantity x is added, we extend the field on which 7), 
i = 1,. .., 4, and Ip act as the automorphisms by adding the generator x. Note that through¬ 
out this paper every field is of characteristic zero. Moreover, when the field is generated by 
{xi,..., Xk], a mapping we (7\,..., T 4 ,Rp acts on an arbitrary function F = F(xi,..., x k ) 
by the following: 


w(F) = F(w(x\),w(x k )). 


(2.6) 
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Figure 1. Moving of the mapping R\ around the origin 0 eZ 4 . 

For convenience, throughout this paper we use the following notation for the combined 
transformation of arbitrary mappings w and w': 

ww’ := wow'. (2.7) 


2.2. Lax pair of the system of the PAEs (2.1). In this section, we construct the Lax pair 
of the system of the PAEs (2.1) following the method given in [6,42,58]. 

The key to the construction of the Lax pair of the system of the PAEs (2.1) is to introduce 
fifth direction: Z 4 3 1 1 -> / + £5 € Z 5 arising from the extension of the multi-dimensionally 
consistent 4-cube to the multi-dimensionally consistent 5-cube and to regard it as a virtual 
direction. As a result, we obtain the following additional relations: 

u(l + e\) a^ud + ei) - /ju( 1) u(l + e 2 ) /3/ 2 u(1 + £ 2 ) -/ju(1) 


u(t) a^uft) — nu(l + e{)’ u(l) 
ud + 63 ) 7 /,m(/ + 63 ) - 1liu(I) H(l + £ 4 ) 


Pi 2 u(l) - Ru(l + e 2 y 


u(l + £ 4 ) 


■ = -rK u , 


( 2 . 8 a) 


(2.8b) 


u(l) Jl 3 ud) — fM(l + £3)’ ud) ud ) 

where ud) - u(l + £5), / = £ 4 =1 /,£, e Z 4 and /./ is the additional complex parameter. We 
distinguish the function ud) from ud). Then, each of Equations (2.8) can be regarded as 
the first order discrete system of Riccati type of the quantity ud), which is linearizable. 
Indeed, substituting 

Fd) 

ud) = -, (2.9) 

7 Gd) 

in Equations (2.8) and dividing them into the numerators and the denominators with the 
vector T = 'V(l) defined by 

/W)\ 

\Gd) r 


T* = 


( 2 . 10 ) 


we obtain the following linear systems: 


- a 0 > 


74 OP) = $ 


f 3 ('P) = 5 (34 


07 

1 


V ud) 

' 

Jh 

1 


-Ti(ud)) 

P Ti(ud)) 
ud) 7 

-Hud)) 
n Hud)) 
7h ud) 


7’ 2 ('f') = t) ( 


-A( 2 ) 


V, f 4 (T0 = d (4) 


Ph 

1 

ud) 

-rK, 4 
1 

ud) 


-Hud)) 
n Hud)) 


Ph ud) 

-Hum 

0 


x T, ( 2 . 11 a) 


'T, (2.11b) 
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where / = £ 4 =| /;£; and b (,) = <5 (,) (/), i = 1 ,... ,4, are arbitrary decoupling factors. The 
linear systems (2. 1 1) are the Lax pair of the system of the PAEs (2.1), that is, the compati¬ 
bility condition of each pair of the linear systems (2. 1 1) gives one of Equations (2.1). For 
example, the compatibility condition of T\ and 73: 

TiT 2 Q¥) = f 2 T l m, ( 2 . 12 ) 

gives the left hand side of Equation (2. la) and 

fi(<5 ( 2 ) )d (1) = f 1 {5 m )5 a \ (2.13) 

Note that we define the action of a transformation w e (I),..., T 4 , Rp on the vector 'F by 

wQ¥(l)) = } ¥(w(l)). (2.14) 


2.3. Geometric reduction of the PAEs (2.1). In this section, we apply the geometric re¬ 
duction considered in [29] to the PAEs (2.1). Moreover, we obtain the g-Painleve equations 
(1.12) from the reduced PAEs (2.20). 

Let 


hi 111 = i lo g(?'> + ' 2+ ' 3+ ' 4 &m)/ lQ g «(^' 4/l )log(? , 2j8)/ log q 

a p y 

ciq = cj—, a 1 = —, CI2 — t ? 
yap 

where ciqciicio = q, i = V-T and a,p. y, A, q e C are parameters. By letting 

u(l) = h h j lM cod), 

where / = 2 /Li h^i, and imposing the following periodic condition for / e Z 4 : 

U)(l + £l + £o + £3) = (Oil). 


(2.15) 

(2.16) 


(2.17) 


(2.18) 


with the following condition of the parameters {a/J/g z , (/S/} /eZ , {y/}, £z and {K[\ leZ : 


, r , q 2M A 2 - 1 

ai = qa. Pi = q p, y,=qy, K, - - — -, 

the PAEs (2.1) are reduced to the following PAEs: 

tod + 61 + £7) cod + 61 ) - q~ ll+ll+li Aa\Cod + e 2 ) 
tod) q' 4 A {q li Acod + e 2 ) - q~'' +ll aicj(l + £[))’ 

tod + e 2 + £ 3 ) q li Acod + e 2 ) - q ~ ,2+l3 a 2 to(l + £ 3 ) 



oXl) 


+ 

*»«* 

1 

£3) - q~ l2+ ' 2+u Aanood + 

U)(l 

+ £3 + 

fl) 

cod + £3) - 

q l '~ l, ~ ] ciQtod + £1) 


tod) 


(j){l + 61) — 

qh-h-i ao cod + £3)’ 

U >(1 

+ £1 + 

6t) 

tod + £4) 

q J 4+ i / i 2 - 1 


tod) 


oj {1 + £1) 

g'- / 1 +/ 2 +/ 4 a 1 T’ 

tod 

+ £2 + 

6t) 

1 tod + e4) <r ,4+1 d 2 - 1 


tod) 


q 2l * +l A 2 cod + £ 2 ) q 2 , 4 +l A 2 

tod 

+ £3 + 

63) 

tod + £4) 

q- , 1 +h a 2 {q 2U+l A 2 - 1) 


tod) 


«(/ + £3) 

- 3 " 


(2.19) 

( 2 . 20 a) 

(2.20b) 

( 2 . 20 c) 

( 2 . 20 d) 

( 2 . 20 e) 

( 2 . 20 f) 
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Figure 2. (A 2 + /^/'Mattice 


Then, the actions of 7), i = 1,... ,4, and R\ on the w-function and the parameters a,-, 


i = 0 , 1 , 2 , T and q are given by 

T 1 : (a>(l),ao,ai,a 2 ,A, q) (o>(/ + e{),qao,q~ l a\,a 2 ,A,q), (2.21a) 

f 2 : (co(l), ao, fli, 4, g) i-> (cu(/ + € 2 ), do, qa\, q~ x a 2 . A, q), (2.21b) 

f 3 : (&;(/), ao, fli, 4, g) i-» («(/ + e 3 ), q~ l ao, a\,qd 2 , 4, q), (2.21c) 

T 4 : (co(l), ao, a\,d 2 . A, q) 1 —* (to(l + 64 ), do, d\,d 2 , qA, q), (2.21 d) 

R\ : do, a\,d 2 . A, q) i-> (co(R\(l)),aoa 2 ,q X d\d 2 ,qd 2 ~ X ,A,q). (2.21e) 


Remark 2.1. If we consider the dctions of the tmnsfonnations If i = 1,..., 4, only on the 
co-function dnd the parameters i — 0, 1,2, A dnd q, then the transformdtion T 1 T 2 T 2 con 
be regdrded ds the identity mapping: 

fif 2 f 3 =Id. (2.22) 

In this situation, we can proceed as if the reduction acts on the lattice Z 4 , that is, the lattice 
Z 4 is reduced to the (A 2 + A\f x ^-lattice (see Figure 2): 

Z 4 -> Z 4 /Z(ei + e 2 + e 3 ). (2.23) 

The reduction from the lattice Z 4 to the (A 2 + Aif^-lattice with the PAEs is referred to as 
the geometric reduction [29], 

The relations (2.20) are equivalent to the essential relations of the w-lattice of type A ^ } 
constructed in [30] with the following correspondences: 

w(0) = w 0 , f, = T„ i = 1,...,4, Ri=Ri. (2.24) 


Therefore, considering the PAEs (2.20) is equivalent to considering the lattice. In this 
case, the cu-lattice is said to have a reduced hypercube structure. This reduced hypercube 
structure turns out to be essential in the construction of Lax pairs for discrete Painleve 
equations. Since the ^-Painleve equations (1.12) are discrete dynamical systems on the 
cu-lattice of type A '. 11 as shown in [30], we can obtain the ^-Painleve equations (1.12) from 
the w-function with the essential relations (2.20) as follows. By letting 


where / 0 /i / 2 
spondences: 


/o = 


u>(e\ + c 2 ) 


/. =A 


co(e\ + e 2 ) 
oj( 0) 


fi = A 


tp(0) 

w(ei)’ 


(2.25) 


A 2 , we obtain the ^-Painleve equations (1.12) with the following corre- 


T _ r T T _ r T' -It —1 T _ fj 

i IV - i 4 , 1 m - 1 3 1 2 , 1 sm - K \• 


(2.26) 
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2.4. Lax pairs of the ,4'-' ’-surface g-Painleve equations. In this section, using the linear 
systems (2.11) and the connection between the PAEs (2.1) and the A^’-surface g-Painleve 
equations via the geometric reduction, we construct the Lax pairs of the g-Painleve equa¬ 
tions (1.12). 

We first define the vector (f> by 

«P( 0) = Oj^ (2 . 27) 

Then, from the linear systems (2. 1 1), we obtain the following linear systems: 


tm = 


f 2 (0) = </ 2) 


2 i/2 3 

-x -1 


A 

1 


i A 

J2 I 




f 3 (0) = </ 3) 


iwr' c/o) 

a\A 

1 

i «o W 3 (/]) 


-1 
i A 


TM) = 5 (A) 

RM) = Tf\ct>), 


qA 
1 

x(qA 2 - 1 )/ 2 


«iTr'(/ 0 ) i 

-1 


iaod 

qTM\Y) 


4(1 + «i(l + aif 2 ) f\) 

1 


-1 

0/ 


where 


Next, let us define the transformations Tsp, 7iv, Tm and 7sin by 


T S p = 


T _ 7 1 T 1 _ 7 1 — 1 t 1 —1 

MV - 4> Mil - M 1 "> 


/.sin - Zi- 


[3 7 I > 7 IV — ' 4, 7 111 - 7 3 7 2 

The actions of Tsp, 7)v, Tm and Tsm on the spectral parameter x are given by 
Tsp(x) = qx, f IV (x) = fm(x) = f S mW = x, 


(2.28a) 

(2.28b) 

(2.28c) 

(2.28d) 

(2.28e) 

(2.29) 

(2.30) 

(2.31) 


while those on the wave function cj> are given by the following: 

£(S p ) 


Tsp(/) - 


Tm(/) 


(1 - q 2 x 2 )(l - ao 2 d 2 2 x 2 )(l - ao 2 x 2 ) 

6 am 


(1 - ao 2 a2 2 x 2 )( 1 - ao 2 * 2 ) 


Bm<P, Tsm(/) 


A<P, f IV (0) = d (IV, B IV 0, 

^(SIII) 


1 - CIq 2 X 2 


7?siii 


where 


^(SP) _ _1_ £<IV) _ ^(4) 

f 1 - 1 f 2 - 1 f 3 - 1 (h( 1 >)T 2 ~' 1 f3- 1 (h (2) )T3" 1 (h( 3) )’ 

^(in) __ \ _ 5 (sm) _ 1 

T 2 - I f3- 1 (h( 2 ))f 3 - 1 (d( 3 0’ 


(2.32a) 

(2.32b) 


(2.33a) 

(2.33b) 
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Here, the 2x2 matrices A, B iv, B m and Rsm are given by Equations (1.6) and (1.10). 
Therefore, we finally obtain Theorem 1.2 by the following correspondences: 


5 W = 1 £ (2) =- - - < 5 ® =- - - 5 (4) = 1 

1-x 2 ’ l-fWfl* 2 1-fVt 2 ’ 

which give 

5 (SP) = (1 - q 2 x 2 )(l - ao 2 ci 2 2 x 2 )(l - ao 2 x 2 ), 6 (W) = 1, 

5 (III) = (1 - a 0 2 a 2 2 x 2 )(l - a 0 2 x 2 ), d (SIII) - 1 - a 0 2 x 2 . 


(2.34) 

(2.35a) 

(2.35b) 


3. Concluding remarks 

In this paper, we provided a comprehensive method for constructing Lax pairs of dis¬ 
crete Painleve equations by using a reduced hypercube structure. As an example, we con¬ 
structed the Lax pairs of the ^-Painleve equations (1.1). As remarked earlier, the discrete 
Painleve equations studied in this paper all share one A-matrix in the Lax pairs. 

It is possible that we could broaden the action of the affine Weyl group of type (A 2 + 
Ai) (1) , which is the symmetry group for the A'.-surface ^-Painleve equations, by adding 
the actions on the wave function <p and the spectral parameter x. This implies that we can 
construct Lax pairs of “all” A^ 1 '’-surface ly-Painlevc equations, which share one spectral 
linear problem. We will discuss this possibility in a forthcoming paper. Another interest¬ 
ing future direction of research is to extend our method to other surface types of discrete 
Painleve equations. 
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